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The known static electrovacuum black holes in a globally AdS4 background have an event horizon
which is geometrically a round sphere. In this work we argue that the situation is different in models with
matter fields possessing an explicit dependence on the azimuthal angle φ, which, however, does not
manifest at the level of the energy-momentum tensor. As a result, the full solutions are axially symmetric
only, possessing a single (timelike) Killing vector field. Explicit examples of such static black holes are
constructed in Einstein–(complex) scalar field and Einstein–Yang-Mills theories. The basic properties of
these solutions are discussed, looking for generic features. For example, we notice that the horizon has an
oblate spheroidal shape for solutions with a scalar field and a prolate one for black holes with Yang-Mills
fields. The deviation from sphericity of the horizon geometry manifests itself in the holographic stress
tensor. Finally, based on the results obtained in the probe limit, we conjecture the existence in Einstein-
Maxwell theory of static black holes with axial symmetry only.
DOI: 10.1103/PhysRevD.93.044037
I. INTRODUCTION
The asymptotically flat black holes (BHs) in d ¼ 4
spacetime dimensions are rather special objects. In the
electrovacuum case, the spectrum of physically interesting
solutions is strongly constrained by the uniqueness theo-
rems [1]. Moreover, the topology of a spatial section of the
event horizon of a stationary BH is necessarily that of a
two-sphere, S2 [2,3]. However, the situation changes when
allowing for a negative cosmological constant Λ < 0, in
which case the natural background of a gravity theory
corresponds to anti–de Sitter (AdS) spacetime. First, to the
best of our knowledge, the uniqueness of the BHs in the
electrovacuum theory has not been rigorously established.
Moreover, for AdS BHs, the topology of a spatial section of
the event horizon is no longer restricted to be S2, solutions
replacing the two-sphere by a two-dimensional space of
negative or vanishing curvature being considered by many
authors, see e.g. Ref. [4]. These “topological BHs”
approach asymptotically a locally AdS background, being
seminal to recent developments in BH physics, in particular
in the context of the AdS/CFT conjecture [5,6].
However, the picture can be more complicated also for
solutions with a spherical horizon topology, which approach
at infinity a globally AdS background. As argued in this
work, when allowing for a sufficiently general matter
content, one findsBHswhich are static and axially symmetric
only. This is achieved by allowing formatter fields that do not
share the symmetries with the spacetime they live in [7].
More specifically, the matter fields depend on the azimuthal
angle φ, a dependence which, however, does not manifest at
the level of the energy-momentum tensor. As a result, the
configurations are no longer spherically symmetric, and the
full solutions (geometry þ matter fields) possess a single
Killing vector ∂=∂t (with t the time coordinate). For Λ ¼ 0
(i.e. for configurations in a Minkowski spacetime back-
ground), the existence of BHs with a single Killing vector
field was studied some time ago for matter fields of Yang-
Mills type [8], whereas more recently models with scalar
fields only attracted attention, as discussed e.g. in [9]. In
particular, there are also spinning BHs, which possess a
single Killing vector, like the spinning BHs with Yang-Mills
hair [10]. In the case of scalar fields, as first realized in [11]
(basedon an ansatz proposed in [12]), theseBHsmaypossess
a single helical Killing vector [13,14].
The main purpose of this work is to investigate static
BHs with axial symmetry in asymptotically AdS4 space-
time. As expected, such solutions retain many of the
properties of their Λ ¼ 0 counterparts. In particular, they
possess a topologically S2 horizon, which, however, is not a
round sphere. But the asymptotically AdS4 BHs possess
new features as well.
The paper starts by proposing in Sec. II a general
framework to describe the general properties of such
configurations. In Sec. III we employ this formalism and
consider two explicit examples of static axially symmetric
BHs, namely in Einstein–(complex) scalar field and
Einstein–Yang-Mills (EYM) theories. There we do not
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aim at a systematic study of these solutions, looking instead
for generic properties induced by a static nonspherical
horizon. For example, rather unexpectedly, the horizon
deformation of the solutions is different in these two cases,
the event horizon having an oblate spheroid shape for
Einstein–scalar field BHs and a prolate one for EYM BHs.
Moreover, the deviation from sphericity is manifesting also
in the holographic stress tensor.
The general results are compiled in Sec. IV, together with
possible avenues for future research. There we also
speculate about the possible existence of static BHs with
axial symmetry only in the Einstein-Maxwell theory. This
conjecture is based on the results found in the Appendix for
Maxwell fields in a fixed Schwarzschild-AdS (SAdS) BH
background. The Appendix proposes a discussion of the
solutions of different types of matter field equations in the
probe limit. There, apart from the Maxwell case, we show
the existence of static solutions for (nonlinear–)Klein-
Gordon and Yang-Mills equations in a SAdS background.
In both cases, the basic properties of the matter fields in the
presence of backreaction are already present.
II. A GENERAL FRAMEWORK
A. The problem and basic setup
We consider a general model describing Einstein gravity
with a cosmological constant Λ ¼ −3=L2 coupled with a
set of matter fields Ψ with a Lagrangian density LmðΨÞ:
S ¼
Z
M
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p  1
16πG

Rþ 6
L2

þ LmðΨÞ

: ð2:1Þ
The Einstein equations are found from the variation of (2.1)
with respect to the metric,
Rμν ¼ −Λgμν þ 8πG

Tμν −
1
2
Tgμν

; ð2:2Þ
with the energy-momentum tensor of the matter fields
Tμν ¼ −
2ﬃﬃﬃﬃﬃﬃ−gp
δð ﬃﬃﬃﬃﬃﬃ−gp LmÞ
δgμν
: ð2:3Þ
Apart from (2.2), one should also consider the matter field
equations, which are found from the variation of the action
with respect to Ψ.
The solutions in this work approach asymptotically an
AdS4 background, which is written in global coordinates as
ds2 ¼ dr
2
NðrÞ þ r
2ðdθ2 þ sin2θdφ2Þ − NðrÞdt2; with
NðrÞ ¼ 1þ r
2
L2
: ð2:4Þ
In the above relations, ðr; tÞ are the radial and time coor-
dinates, respectively (with 0 ≤ r < ∞ and −∞ < t < ∞),
while θ and φ are angular coordinates with the usual range,
parametrizing the two dimensional sphere S2.
Our choice in this work in solving the Eqs. (2.2) was to
employ the Einstein-De Turck (EDT) approach. This
approach has been proposed in [15–17], and has become
recently a standard tool in the treatment of numerical
problems in general relativity which result in partial differ-
ential equations. This scheme has the advantage of not
fixing a priori a metric gauge, yielding elliptic partial
differential equations (for a review, see the recent Ref. [18]).
In the EDT approach, instead of the Einstein Eqs. (2.2),
one solves the so-called EDT equations,
Rμν −∇ðμξνÞ ¼ −Λgμν þ 8πG

Tμν −
1
2
Tgμν

; with
ξμ ¼ gνρðΓμνρ − Γ¯μνρÞ; ð2:5Þ
where Γμνρ is the Levi-Civita connection associated to gμν;
also, a reference metric g¯ is introduced (with the same
boundary conditions as the metric g), Γ¯μνρ being the corre-
sponding Levi-Civita connection [17]. Solutions to (2.5)
solve the Einstein equations iff ξμ ≡ 0 everywhere onM, a
condition which is verified from the numerical output.
The configurations we are interested are static and
axially symmetric, being constructed within the following
metric ansatz:
ds2 ¼ f1ðr; θÞ
dr2
NðrÞ þ S1ðr; θÞðgðrÞdθ þ S2ðr; θÞdrÞ
2
þ f2ðr; θÞgðrÞ2sin2θdφ2 −
r2
gðrÞ2 f0ðr; θÞNðrÞdt
2;
ð2:6Þ
with five unknown functions f0, f1, f2, S1, S2 and two
background functions NðrÞ, gðrÞ which are fixed by the
choice of the reference metric g¯.
A sufficiently general choice for the reference metric
which is used in this paper is the one corresponding to a
Reissner-Nordström-AdS (RNAdS) spacetime with1
S1 ¼ f1 ¼ f2 ¼ f0 ¼ 1; S2 ¼ 0;
gðrÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2 þ r2H
q
;
NðrÞ ¼ gðrÞ
gðrÞ þ rH
×

1þ 1
L2
ðr2 þ rHð2rH þ gðrÞÞ −
Q2
gðrÞrH

:
Apart from the AdS length scale L, this reference metric
contains two other input constants, rH ≥ 0 and Q2 ≥ 0.
1The usual parametrization of the RNAdS metric is recovered
by taking r →
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2 þ r2H
p
.
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B. The boundary conditions for the metric functions
The behavior of the metric potentials gμν on the boun-
daries of the domain of integration is universal, being
recovered for any matter content.2 All solutions in this work
possess a nonextremal horizon located at r ¼ 0, the
following boundary conditions being imposed there
∂rf1jr¼0 ¼ ∂rf2jr¼0 ¼ ∂rf0jr¼0 ¼ ∂rS1jr¼0 ¼ S2jr¼0 ¼ 0:
ð2:7Þ
There are also the supplementary conditions
f1jr¼0 ¼ f0jr¼0; ∂rS2jr¼0 ¼ 0;
which are used to verify the accuracy of solutions. At
infinity we impose
f1jr¼∞ ¼ f2jr¼∞ ¼ f0jr¼∞ ¼ S1jr¼∞ ¼ 1;
S2jr¼∞ ¼ 0; ð2:8Þ
such that the global AdS4 background (2.4) is approached.
More precisely, the matter fields considered in this work
decay fast enough at infinity, such that the far field behavior
of the unknown functions which enter the line element (2.6)
is
f0 ¼ 1þ
f03ðθÞ
r3
þOð1=r4Þ; f1 ¼ Oð1=r4Þ;
f2 ¼ 1þ
f23ðθÞ
r3
þOð1=r4Þ;
S1 ¼ 1þ
s13ðθÞ
r3
þOð1=r4Þ; S2 ¼ Oð1=r5Þ; ð2:9Þ
with f03ðθÞ, f23ðθÞ, s13ðθÞ functions fixed by the numerics.
These functions satisfy the relations
f03 þ f23 þ s13 ¼ 0;
cos θðs13 − f23Þ ¼ sin θ
d
dθ
ðf03 þ f23 − s13Þ:
The boundary conditions on the symmetry axis, θ ¼ 0, π
are
∂θf1jθ¼0;π ¼ ∂θf2jθ¼0;π ¼ ∂θf0jθ¼0;π
¼ ∂θS1jθ¼0;π ¼ S2jθ¼0;π ¼ 0: ð2:10Þ
Moreover, all configurations in this work are symmetric
w:r:t: a reflection in the equatorial plane, which implies
∂θf1jθ¼π=2 ¼ ∂θf2jθ¼π=2 ¼ ∂θf0jθ¼π=2
¼ ∂θS1jθ¼π=2 ¼ S2jθ¼π=2 ¼ 0;
such that we need to consider the solutions only in the
region 0 ≤ θ ≤ π=2.
C. Quantities of interest
1. Horizon properties
Starting with the horizon quantities, we note that the
solutions have an event horizon of spherical topology,
which, for our formulation of the problem, is located at
r ¼ 0. The induced metric on a spatial section of the event
horizon is
dσ2 ¼ r2HðS1ð0; θÞdθ2 þ f2ð0; θÞsin2θdφ2Þ; ð2:11Þ
with S1ð0; θÞ, f2ð0; θÞ strictly positive functions.
Geometrically, however, the horizon is a squashed sphere.
This can be seen by evaluating the circumference of the
horizon along the equator,
Le ¼ 2πrH
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f2ð0; π=2Þ
p
; ð2:12Þ
and comparing it with the circumference of the horizon
along the poles,
Lp ¼ 2rH
Z
π
0
dθ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
S1ð0; θÞ
p
: ð2:13Þ
Then we can define an “excentricity” of the solutions,
ϵ ¼ Le
Lp
; ð2:14Þ
with ϵ > 1 in the oblate case, ϵ < 1 for a prolate horizon
and ϵ ¼ 1 in the spherical limit.
Further insight on the horizon properties is found by
considering its isometric embedding in a three-
dimensional flat space,3 with dσ23 ¼ dx2 þ dy2 þ dz2.
This is achieved by taking x ¼ FðθÞ cosφ,
y ¼ FðθÞ sinφ, z ¼ GðθÞ, where FðθÞ ¼ rH sin θ
ﬃﬃﬃﬃﬃ
f2
p jr¼0
and G0ðθÞ ¼ rH
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
S1 − 14f2 ð2 cos θf2 þ sin θ
∂f2∂θ Þ2
q
jr¼0.
Based on that, one can define an equator radius Re ¼
fðπ=2Þ and a polar one Rp ¼ gð0Þ. We have found that the2For both scalar and Yang-Mills cases, we have verified the
existence of approximate solutions compatible with the boundary
conditions (2.7), (2.8), (2.10) together with the corresponding
ones for the matter fields (e.g. for the near horizon case, r → 0,
one takes a power series in r etc.). However, the corresponding
expressions are complicated and we have decided to not include
them here.
3Note that, in principle, not all d ¼ 2 surfaces can be
embedded isometrically in a d ¼ 3 Euclidean space. However,
this was the case for all solutions in this work which were
investigated from this direction.
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ratio Re=Rp has the same behavior as Le=Lp; in particular,
it takes close (but not equal) values to it.
The horizon area of a BH is given by
AH ¼ 2πr2H
Z
π
0
dθ sin θ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f2ð0; θÞS1ð0; θÞ
p
; ð2:15Þ
with the entropy S ¼ AH=ð4GÞ. Finally, the Hawking
temperature TH ¼ κ=ð2πÞ (where κ is the surface gravity)
is given by4
TH ¼
1
4πrH

1 −
Q2
r2H
þ 3r
2
H
L2

: ð2:16Þ
2. The mass and the holographic stress tensor
There are also a number of quantities defined in the far
field. The mass of the solutions with the asymptotics (2.9),
as computed according to both the quasilocal prescription
in [19] and the Ashtekar-Das one [20] is given by
M ¼ 1
8G
Z
π
0
dθ

3
L2
ðf23ðθÞ þ s13ðθÞÞ
þ 2

Q2
rH
þ rH þ
r3H
L2

sin θ;
with f23ðθÞ, s13ðθÞ the functions which enter the large-r
asympotics (2.9).
It is also of interest to evaluate the holographic stress
tensor. In order to extract it, we first transform the
(asymptotic metric) into Fefferman-Graham coordinates,
by using a new radial coordinate z, with
r ¼ L
2
z
−
2r2H þ L2
4L2
zþ r
4
H þ ðQ2 þ r2HÞL2
6rHL4
z2: ð2:17Þ
In these coordinates, the line element can be expanded
around z ¼ 0 (i.e. as r → ∞) in the standard form
ds2 ¼ L
2
z2
½dz2 þ ðgð0Þ þ z2gð2Þ þ z3gð3Þ þOðz4ÞÞijdxidxj;
ð2:18Þ
where xi ¼ ðθ;φ; tÞ and
ðgð0Þ þ z2gð2ÞÞijdxidxj
¼

L2 −
z2
2

ðdθ2 þ sin2θdφ2Þ −

1þ z
2
2L2

dt2:
ð2:19Þ
Then the background metric upon which the dual field
theory resides is dσ2 ¼ gð0Þijdxidxj ¼ −dt2 þ L2ðdθ2þ
sin2θdφ2Þ, which corresponds to a static Einstein universe
in (2þ 1) dimensions.
From (2.18) one can read the vev of the holographic
stress tensor [21],
hτiji ¼
3L2
16πG
gð3Þij ¼ hτð0Þij i þ hτðsÞij i; ð2:20Þ
being expressed as the sum of a background part plus a
matter contribution (which possesses a nontrivial θ depend-
ence),
hτð0Þij idxidxj ¼
1
16πG

r3H
L2
þQ
2 þ r2H
rH

×

dθ2 þ sin2θdφ2 þ 2
L2
dt2

; ð2:21Þ
hτðsÞij idxidxj ¼
3
16πG
1
L2

s13ðθÞdθ2 þ f23ðθÞsin2θdφ2
−
1
L2
f03ðθÞdt2

: ð2:22Þ
As expected, this stress tensor is finite, traceless and
covariantly conserved.
3. The numerical approach
In our numerical scheme, one starts by choosing a suitable
combination of the EDT equations together with the matter
field(s) equations, such that the differential equations for the
metric and matter function(s) are diagonal in the second
derivatives with respect to r. Then the radial coordinate r is
compactified according to r ¼ x
1−x, with 0 ≤ x ≤ 1. All
numerical calculations are performed by using a profes-
sional package based on the iterative Newton-Raphson
method [22]. The typical numerical error for the solutions
reported in this work is estimated to be of the order of 10−4,
with smaller values for the normof the ξ field. Further details
on the numerical scheme can be found in [23].
In the numerical calculations, we use units set by the
AdS length scale L (e.g. we define a scaled radial
coordinate, r → r=L). In practice, this reduces to setting
Λ ¼ −3 in the field equations, and solving the EDT
equations with
Rμν −∇ðμξνÞ ¼ −3gμν þ 2α2

Tμν −
1
2
Tgμν

; with
α ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4πG
p
L
: ð2:23Þ
In this approach, α is an input parameter which describes
the coupling to gravity; the probe limit of the specific
4From (2.16), one can see that in the EDT approach, the
Hawking temperature does not follow from the numerical output,
being an input parameter.
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models, which is discussed in Appendix A, has α ¼ 0, i.e. a
fixed BH geometry.
III. STATIC, AXIALLY SYMMETRIC
BLACK HOLES
A. Einstein–scalar field solutions
1. The model
The simplest static BH solutions with a single Killing
vector field are found in a model with a single complex
scalar field, Ψ≡ Φ, possessing a Lagrangian density,
Lm ¼ −
1
2
gμνðΦ;μΦ;ν þ Φ;νΦ;μÞ −UðjΦjÞ; ð3:1Þ
where U is the scalar field potential. The scalar field is a
solution of the Klein-Gordon equation,
1ﬃﬃﬃﬃﬃﬃ−gp ∂μð
ﬃﬃﬃﬃﬃﬃ
−g
p ∂μΦÞ ¼ ∂U∂jΦj2Φ; ð3:2Þ
with gμν given by the line element (2.6), and possesses a
stress-energy tensor,
Tμν ¼ Φ;μΦ;ν þ Φ;νΦ;μ
− gμν

1
2
gαβðΦ;αΦ;β þ Φ;βΦ;αÞ þ UðjΦjÞ

; ð3:3Þ
which enters the EDT equations (2.5).
The scalar field is complex,5 with a phase depending on
the azimuthal angle φ only,
Φ ¼ Zðr; θÞeinφ; ð3:4Þ
with n a winding number, n ¼ 1;2;…. Thus the action
of the vector ∂φ on Φ is nontrivial, ∂φΦ ¼ inΦ. However,
one can easily see that the energy momentum tensor is φ
independent, even though the scalar field is not. Hence, the
ansatz (3.4) is compatible with the symmetries of the
geometry (2.6).
The value n ¼ 0 corresponds to the spherically sym-
metric case with a single real scalar field, Φ≡ ZðrÞ. In this
limit, the Einstein–scalar field system is known to possess
BH solutions with AdS asymptotics, which were exten-
sively discussed in the literature, see e.g. [25]. A necessary
condition for the existence of these BHs is that scalar field
potential U is not strictly positive, which allows for
negative energy densities.
However, as we shall argue, the same mechanism holds
for the more general scalar ansatz (3.4). In this work we
consider a simple potential allowing for U < 0,
U ¼ μ2jΦj2 − λjΦj4; ð3:5Þ
where λ is a strictly positive parameter and μ is the scalar
field mass. The constants μ and L fix the behavior of the
scalar field as r → ∞, with
Z ∼
cþðθÞ
rΔþ
þ c−ðθÞ
rΔ−
; with
Δ ¼
3
2

1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4
9
μ2L2
r 
; ð3:6Þ
cðθÞ being two functions that label the different boundary
conditions.
2. The results
The recent work [9] has shown the existence of both BH
and soliton solutions of this model for the Λ ¼ 0 limiting
case, for the same scalar potential (3.5).
As expected, those configurations survive in the pres-
ence of a negative cosmological constant. The discussion in
this case should start with the observation that the Eq. (3.2)
possesses solutions already in the probe limit, i.e. when
neglecting the backreaction on the spacetime geometry.
This case is discussed in Appendix A 1, where we give
numerical arguments for the existence of n > 0 finite mass,
regular solutions of the (nonlinear) Klein-Gordon Eq. (3.2)
in the background of a SAdS BH. There we notice first the
existence of a nontrivial zero horizon size limit, which
describes a static, nonspherically symmetric soliton in a
fixed AdS background. Second, the solutions do not exist
for arbitrarily large SAdS BHs, with the emergence of a
critical horizon radius and a secondary branch extending
backwards in rH.
As expected, these solutions survive when taking into
account the backreaction on the spacetime geometry. In the
numerics, we scale Z → Z=L; moreover, to simplify the
problem, we consider the case μ ¼ 0 only. Then the system
possesses an extra scaling symmetry r → rc, L → Lc and
λ → λ=c2 (with c > 0 an arbitrary constant) which can be
used to fix the value of λ in (3.5). Also, for all solutions, the
scalar field is invariant under a reflection in the equatorial
plane.6 Finally, we impose c− ¼ 0 in the asymptotic
expression (3.6) such that the scalar field decays as 1=r3
as r → ∞.
5The scalar field ansatz (3.4) is inspired by the one employed
for AdS spinning Q-balls and boson stars, see e.g. [24], in which
case the phase depends also on time, Φ ¼ Zðr; θÞeiðnφ−wtÞ. Then,
for n ≠ 0, the corresponding configurations would rotate, pos-
sessing a single helical Killing vector, without being necessary to
ask for U < 0. Static axially symmetric solutions are found by
taking w ¼ 0; however, this implies turning on a (negative)
quartic term in the scalar potential (3.5).
6However, the noticed analogy with Q-balls and boson stars
suggests the existence of odd-parity configurations with Z ¼ 0 at
θ ¼ π=2, while the spacetime geometry is still even parity.
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In Fig. 1 we give some results of the numerical
integration for a set of n ¼ 2 solutions with Λ ¼ −3,
λ ¼ −9, μ ¼ 0 and α ¼ 0.1. In the numerics, the control
parameter is rH which fixes the size of the event horizon,
with AH → 0 and TH → ∞ as rH → 0, a limit which
corresponds to a gravitating scalar soliton. As rH increases,
both the mass and the event horizon area increase while the
temperature decreases.
These BHs cannot be arbitrarily large, and we notice the
emergence of a secondary branch of BHs for a critical
configuration, extending backward in rH, towards rH → 0.
However, the numerics becomes increasingly challenging
on the 2nd branch and clarifying this limiting behavior
remains a task beyond the purposes of this paper. Here we
only note that the solutions on the first branch minimize the
free energy F ¼ M − THS and are thermodynamically
favored.
An interesting feature of the solutions studied7 so
far is that they always possess an oblate horizon,
ϵ ¼ Le=Lp > 1, as seen in Fig. 1 (right) (although the
deviation from sphericity is rather small). Also, both the
scalar field Z and the energy density ρ ¼ −Ttt do not vanish
on the horizon, possessing a strong angular dependence,8 as
seen in Fig. 2. The shape of the scalar field and the energy
density in the bulk are rather similar to those shown in
Appendix A 1 for the probe limit, and we shall not display
them here.9
As seen in Figs. 3 and 4, the deviation from sphericity of
the bulk reflects itself in the holographic stress tensor hτjii.
One can see that as expected hτtti is negative, while, in
contrast to the spherically symmetric case, hτθθi ≠ hτφφi.
Moreover, the function cþðθÞ which enters the asymptotics
(3.6) of the scalar field possesses also a strong θ depend-
ence, as seen in Fig. 4 (right).
It would be interesting to investigate the stability of these
black hole solutions. Since they are found for a negative
scalar potential, one would normally expect them to be
unstable. Indeed, this is the case for the spherically
symmetric black holes with scalar hair in [26], which
are also found for some scalar potentials with negative
regions. The stability analysis there has revealed the
existence of unstable radial fluctuations around the hairy
black hole background. However, the results in [27,28]
suggest that, in the AdS spacetime, the situation could be
more complicated for other potentials and the existence of
stable solutions cannot be excluded a priori. Moreover,
since the configurations in this work possess a single
Killing vector, the issue of perturbative stability is a
nontrivial technical task, which we leave for future work.
B. Einstein–Yang-Mills solutions
1. The model
In order to test the generality of the results above, it is
necessary to consider static axially symmetric BHs with
other matter fields. For Λ ¼ 0, the first (and still the best
known) example of such solutions has been found in a
model with Yang-Mills-SU(2) gauge fields [8]. In this case,
the matter Lagrangian reads
Lm ¼ −
1
2
TrfFμνFμνg; ð3:7Þ
with the field strength tensor,
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FIG. 1. Left panel: The free energy F ¼ M − THS and the mass M are shown as functions of the Hawking temperature for a set of
static axially symmetric black holes in Einstein-scalar field theory with the input parameters λ ¼ 9, μ ¼ 0 and α ¼ 0.1. Right panel: The
horizon excentricity ϵ ¼ Le=Lp is shown as a function of horizon area for the same solutions. Note that in all plots in this work, the
quantities are expressed in units of L, the cosmological length scale.
7This result has been found for BHs with other values of n and
μ ≠ 0. However, the deviation from spherical symmetry remains
always small.
8Note, however, that for a winding number n ¼ 1, the energy
density ρ ¼ −Ttt does not vanish on the symmetry axis θ ¼ 0, π.9Note that the energy density always becomes negative in
some region; however, the total mass is still positive.
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Fμν ¼ ∂μAν − ∂νAμ þ i½Aμ; Aν; ð3:8Þ
and the gauge potential,
Aμ ¼
1
2
τaAaμ; ð3:9Þ
τa being SU(2) matrices. Variation of (3.7) with respect to
the gauge field Aμ leads to the YM equations
∇μFμν þ i½Aμ; Fμν ¼ 0; ð3:10Þ
while the variation with respect to the metric gμν yields the
energy-momentum tensor of the YM fields
TðYMÞμν ¼ 2Tr

FμαFνβgαβ −
1
4
gμνFαβFαβ

: ð3:11Þ
As discussed in Appendix A 2, similar to the scalar field
case discussed above, the axially symmetric YM ansatz
contains an azimuthal winding number n, as seen in
Eqs. (A5)–(A6). This ansatz is parametrized by four
functions Hiðr; θÞ, the explicit dependence on φ being
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FIG. 2. The scalar field (left) and the energy density (right) on the horizon are shown for an n ¼ 2 static axially symmetric black hole
in Einstein-scalar field theory marked with a green dot in Fig. 1.
FIG. 3. The hτθθi (left) and hτφφi (right) components of the holographic stress tensor are shown for the solution in Fig. 2.
FIG. 4. The hτtti component of the holographic stress tensor (left) and the function cþðθÞ which enters the asymptotics (3.6) (right) are
shown for the Einstein–scalar field solution in Fig. 2.
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factorized in the expression of the SU(2) basis, such that, in
the chosen gauge, ∂=∂φ is not a Killing vector of the full
EYM system. However, similar to the scalar case, the
components of the energy-momentum tensor depend on
ðr; θÞ only.
A fundamental solution here10 is the [embedded-U(1)]
Reissner-Nordström-anti–de Sitter (RNAdS) BH, which
has vanishing potentials,Hi ¼ 0 and a net magnetic charge
QM ¼ n. Apart from that, there are also genuine non-
Abelian BHs, which in the simplest case are spherically
symmetric, with n ¼ 1 and nontrivial potentials H2 ¼
H4 ¼ wðrÞ while H1 ¼ H3 ¼ 0. Different from the
(embedded) Abelian case, these configurations may carry
a zero net magnetic charge, QM ¼ 0. An overview of their
properties is given in [29] for Λ ¼ 0. An interesting
supersymmetric extension of these solutions can be found
in [30].
As discussed in [8], the Λ ¼ 0 BHs possess static axially
symmetric generalizations, which are found by taking a
value n > 1 for the azimuthal winding number in the YM
ansatz (A5). They possess an event horizon of spherical
topology, which, however, is not a round sphere, and
approach asymptotically a Minkowski spacetime back-
ground. These results have been generalized in [31] by a
YM ansatz containing a further integer, m > 0, related to
the polar angle θ. In the present formulation of the problem,
this integer enters the boundary conditions at infinity of the
gauge potentials, as seen in Eqs. (A9) and (A10).
2. The results
We have found that all known Λ ¼ 0 static axially
symmetric EYM BHs possess generalizations with AdS
asymptotics.11 Moreover, new sets of configurations with-
out asymptotically flat counterparts do also occur. The
existence of the new solutions can be traced back to the
peculiar properties of the YM system in AdS spacetime. In
this case, the confining properties of the AdS geometry
(effectively) play the role of a Higgs field, leading to a
much richer set of possible boundary conditions at infinity,
as compared to the case Λ ¼ 0. These boundary conditions
are given in Appendix A 2, where we provide an overview
of the axially symmetric solutions of the YM equations in a
SAdS background, for several values of the integers ðm; nÞ
introduced above. Note that for an (S)AdS background, the
boundary conditions satisfied by the YM potentials at
infinity contain an extra parameter w0, which fixes the
magnetic charge, as seen in Eq. (A11). This parameter is
not fixed a priori, such that YM solutions with a noninteger
magnetic charge are allowed [23,34,35].
As expected, these YM configurations survive when
taking into account the backreaction on the spacetime
geometry. The boundary conditions satisfied by the gauge
potentials Hi at infinity, on the horizon and on the
symmetry axis are similar to those used in the probe limit,
as stated in Appendix A 2.
An interesting feature shared by all EYM axially
symmetric BHs studied so far, is that in contrast to the
solutions with a scalar field, they possess a prolate horizon,
ϵ ¼ Le=Lp < 1, although the horizon’s deviation from
sphericity remains small, as seen in Fig. 5 (left).
However, as shown in Figs. 5 and 8 (right panels), the
holographic stress tensor exhibits a strong θ dependence,
with hτtti always strictly negative. Also, the energy density
shows a strong angular dependence, as seen in Fig. 6; in
particular, its value on the horizon varies with θ.
Concerning further properties of the solutions, the results
can be summarized as follows.12 First, we have found that
all YM configurations in a fixed SAdS background possess
gravitating generalizations. The backreaction is taken into
account by slowly increasing the value of the parameter
α ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃ4πGp =L. As the coupling constant α increases, the
spacetime geometry is more and more deformed. However,
α cannot be arbitrarily large. The solutions stop to exist at a
critical value13 which, for a given QM, depends on both
integers ðm; nÞ and on the size of the horizon, as specified
by rH. There, a second branch of solutions emerges, which
extends backward towards α→ 0. Indeed, this limit can be
approached in two ways: (i) for the Newton constant
G → 0, or, (ii) for L →∞ (or, equivalently, Λ → 0). In
the former case one recovers the YM solutions in a fixed
SAdS background, while the latter case (with QM ¼ 0)
corresponds to the known EYM hairy BH in the asymp-
totically flat spacetime [8,31]. In contrast, the configura-
tions with QM ≠ 0 do not possess a well-defined
asymptotically flat limit.
Second, all configurations possess a nontrivial horizon-
less, particlelike limit, which is approached as the horizon
size shrinks to zero. The corresponding solitonic solutions
have been extensively studied in [23] (and their asymp-
totically flat counterparts in [31,37]). The most interesting
feature found there is the existence for m > 1 of balanced,
regular composite configurations, with several distinct
components. Our results show that, as expected, all these
10As discussed in the next section, it is likely that the Einstein-
Maxwell-AdS system possesses other static BH solutions apart
from the RNAdS solution.
11Some properties of the axially symmetric EYM-AdS BH
solutions were discussed in a different context in [32,33] and
within another numerical scheme. However, the case of configu-
rations with a polar winding number m > 1 was not considered
there.
12Within our formulation, the numerical problem possesses
five input parameters: ðrH; α;m; nÞ and w0 (which fixes the
magnetic charge). The emerging overall picture is rather com-
plicated and we did not attempt to explore in a systematic way the
parameter space of all solutions.
13It is interesting to note that a similar behavior is found for the
(asymptotically flat) solutions of the EYM-Higgs system, the role
of Λ there being played by the Higgs field [36].
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solutions survivewhen including a horizon at their center of
symmetry.
In our study we have paid special attention to (possibly)
the most interesting case, corresponding to configurations
whose YM far field asymptotics describe a gauge trans-
formed charge-n Abelian (multi)monopole. Then, to lead-
ing order, the far field asymptotics of the EYM solutions
are identical to those of an embedded RNAdS BH with a
magnetic charge14 QM ¼ n.
These solutions have a number of interesting thermo-
dynamical features, whose systematic study is, however,
beyond the purposes of this work. Here we mention only
that the existing results suggest that the picture found in
[39] for m ¼ n ¼ 1 spherically symmetric solutions can
be generalized to the axially symmetric case. That is, for
a given α, the branches of solutions possessing a net
integer magnetic charge bifurcate from some critical
RNAdS configuration with the same ðQM; αÞ. Also,
for all configurations, there exists an (embedded-
Abelian) charge-n RNAdS solution which is thermody-
namically favored over the non-Abelian ones, as seen
in Fig. 7.
We have studied also several sets of m ¼ 1 and m ¼ 3
solutions with a vanishing net magnetic flux QM ¼ 0.
(Note, however, that the bulk magnetic charge density is
nonzero.) The simplest solutions here have m ¼ 1, n ¼ 1,
being spherically symmetric [34,35]. (These configurations
can be considered as the natural counterparts of the Λ ¼ 0
EYM BHs [29].) Axially symmetric generalizations of the
m ¼ 1 BHs are found by taking n ≥ 2 in the YM ansatz
(A5). The configurations with m ¼ 3 do not possess a
spherically symmetric limit. Some of the basic properties of
these solutions are different as compared to the case with a
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FIG. 5. Left panel: The ratio Le=Lp (which gives a measure of the horizon deformation) is shown as a function of the horizon area for a
set ofm ¼ 1, n ¼ 2 Einstein–Yang-Mills (EYM) solutions with α ¼ 0.5 and magnetic chargeQM ¼ 2. These configurations interpolate
between a horizonless EYM soliton and a critical Reissner-Nordström-AdS black hole, see Fig. 7 (left). Right panel: The holographic
stress tensor is shown for a typical EYM static axially symmetric solution with the input parameters m ¼ 1, n ¼ 3, α ¼ 0.5, rH ¼ 0.4
and QM ¼ 3.
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FIG. 6. The energy density is shown for typical m ¼ 1 (left) and m ¼ 3 (right) static axially symmetric solutions with vanishing net
magnetic charge in Einstein–Yang-Mills theory. Them ¼ 1 solution has the input parameters n ¼ 2, α ¼ 0.15 and rH ¼ 0.05, while the
one with m ¼ 3 has n ¼ 1, α ¼ 0.1 and rH ¼ 0.05. The axes here are ρ ¼ r¯ sin θ, z ¼ r¯ cos θ, with r¯ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2 þ r2H
p
.
14Note that in the absence of a Higgs field, such configurations
do not have asymptotically flat counterparts. For Λ < 0, the AdS
geometry supplies the attractive force needed to balance the
repulsive force of Yang-Mills gauge interactions. This can seen
e.g. from the study of the exact m ¼ n ¼ 1 unit magnetic charge
solution of the YM equations found in [38].
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net magnetic charge QM ≠ 0 above. For example, they do
not emerge as perturbations of an embedded Abelian
solution. Then the geometry of the (zero charge) SAdS
BH is approached (to leading orders) in the asymptotic
region only. The thermodynamics of the solutions is also
different as compared to the magnetically charged case, our
results suggesting that the picture found in the recent work
[39] for m ¼ 1, n ¼ 1 BHs remains valid in the axially
symmetric case. For example, in a free energy-temperature
diagram, one finds two branches of solutions, which form a
cusp for some minimal value of TH, as seen in Fig. 8
(left panel).
Finally, let us also mention the existence of configura-
tions with a noninteger (and nonvanishing) magnetic
charge. Although we did not attempt to investigate these
solutions in a systematic way, we confirm that such EYM
BHs also possess a prolate event horizon.
IV. FURTHER REMARKS: STATIC AXIALLY
SYMMETRIC BLACK HOLES IN
EINSTEIN-MAXWELL-ADS THEORY?
The main purpose of this paper is to show the existence
of asymptotically AdS4 static BHs which are axially
symmetric only. As explicit examples, we have considered
first the case of Einstein–(complex) scalar field theory,
followed by a study of static axially symmetric BHs in
Einstein–Yang-Mills theory.
In both cases the mechanism which allowed for the
existence of such BHs was the symmetry noninheritance of
the matter fields [7]. That is, the matter fields possess a
dependence on the azimuthal angle φ, which, however,
does not manifest at the level of the energy-momentum
tensor. Similar solutions should exist in various other
models with this feature, e.g. Einstein-Skyrme or
Einstein–Yang-Mills–Higgs.
 0
 1
 2
 0  0.5  1  1.5
F
TH
EM
EM
EM
EYM n=1 
EYM n=2
EYM n=3
m=1 α=0.5
-0.4
-0.2
 0
 0.2
 0.4
 0  0.25  0.5  0.75  1
F
TH
EM
EM
EM
EYM n=1 
EYM n=2
EYM n=3
m=3 α=0.1
FIG. 7. The free energy F ¼ M − THS is shown as a function of the Hawking temperature for several sets of static axially symmetric
black holes in Einstein–Yang-Mills (EYM) theory, together with the Einstein-Maxwell (EM) solutions with the same magnetic charge.
These solutions possess a net magnetic charge QM ¼ n.
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FIG. 8. Left panel: The free energy F ¼ M − THS is shown as a function of the Hawking temperature for a set of Einstein–Yang-Mills
static axially symmetric black holes with a vanishing net magnetic charge, QM ¼ 0. The inset shows the ratio Le=Lp (which gives a
measure of the horizon deformation) as a function of horizon area for the same set of black holes. Right panel: The hτtti component of the
holographic stress tensor is shown for a solution marked with a dot on the left panel.
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There are a number of common features for both types of
solutions discussed in this work. For example, they possess
a smooth particlelike horizonless limit; as such, both
classes of BHs follow the paradigm of “event horizons
inside classical lumps” [40]. They can also be considered as
“bound states of an ordinary black hole and a soliton” [41].
Moreover, the size of such BHs cannot be arbitrarily large,
with the occurrence of a secondary branch of solutions for a
critical configuration which maximizes the horizon area.
We also note that some of their basic features can be
derived based on the results obtained in the probe limit (i.e.
matter field(s) in a fixed BH background).
Perhaps the most unexpected feature of the solutions in
this work is that the excentricity of the horizon (as
measured by ϵ ¼ Le=Lp), changes from oblate to prolate
when considering BHs in Einstein–scalar field theory and
EYM theory. Thus, the internal (matter field(s)) interactions
lead to a different shape of the horizon. A better under-
standing of this feature will require a study of static axially
symmetric solutions with a more general matter content. In
particular, it will be interesting to consider systems con-
taining gauged scalars.15 Let us also mention that this kind
of configurations (including those in this work) should
allow for spinning generalizations, which would possess a
single helical Killing vector.16
Another possible direction would be the construction of
static solitons and BHs with AdS asymptotics, which
possess discrete symmetries only. The existence of such
solutions is suggested by the results in the literature
obtained for a Minkowski spacetime background, the case
of Einstein-Skyrme theory being possibly the simplest
example17 [44].(A different example is given in [45].)
One interesting question to ask here is whether the
symmetry noninheritance of the matter fields is the only
mechanism leading to static BHs which are axially sym-
metric only. As argued below, the answer to this question is
likely to be negative. For this purpose, in the remainder of
this section, we now discuss the possible existence of static
axially symmetric BH solutions in Einstein-Maxwell (EM)
theory. Different from the cases in Sec. III, the matter field
(i.e. the U(1) potential) inherits the spacetime symmetries.
Then the possible existence of such EM configurations
would be anchored this time in the confining properties of
the AdS spacetime.
The starting point here is the study of a more
general asymptotical behavior of the YM fields in an
AdS background as compared to the one considered in
Appendix A 2. Another hint comes from the results in the
recent paper [46]. There it was shown that the Maxwell
equations in a fixed AdS background possess everywhere
regular solutions, with finite energy, for every electric
multipole moment except for the monopole. Let us briefly
review this result. It is well known that a static axially
symmetric charge distribution in a flat spacetime back-
ground possesses a multipolar expansion for the electro-
static potential of the form
Vðr; θÞ ¼
X
l≥0
RlðrÞPlðcos θÞ; with
RlðrÞ ¼ c1Rð1Þl ðrÞ þ c2Rð2Þl ðrÞ; and
Rð1Þl ðrÞ ¼ rl; Rð2Þl ðrÞ ¼
1
rlþ1
; ð4:1Þ
(with c1, c2 arbitrary constants and Pl the Legendre
polynomial of degree l) such that any solution diverges
either at r ¼ 0 or for r → ∞. However, as explicitly shown
in [46], the situation is different for an AdS background,
which regularizes the (far field) divergence in Rð1Þl ðrÞ (with
l ≥ 1), which now approaches a constant value as r → ∞.
As usual, the existence of such solutions in the probe limit
is taken as a strong indication that the full Einstein-
Maxwell system possess nontrivial gravitating configura-
tions. Indeed, Ref. [46] has computed the first order
perturbation induced in the AdS geometry by a regular
electric dipole and found an exact solution showing that all
metric functions remain smooth.
However, some of the results in [46] hold also when
replacing the AdS background with a SAdS BH. Starting
again with a general axially symmetric electrostatic poten-
tial Vðr; θÞ ¼Pl≥0RlðrÞPlðcos θÞ, we show in
Appendix A 3 that for l ≥ 1 and given rH ≥ 0, the
Maxwell equations possess a solution which is smooth,
with finite energy. Unfortunately, this solution cannot be
found in closed form (except for rH ¼ 0 i.e. a globally AdS
background); however, it can easily be constructed
numerically.
We expect these configurations to survive when includ-
ing the backreaction on the spacetime geometry (as seen in
this work, this was the case for both scalar and YM fields).
Thus, it is natural to conjecture18 that “the Reissner-
Nordström-AdS solution is not the unique static BH in
Einstein-Maxwell theory with a negative cosmological
constant, with the existence of a different type of AdS
BHs which are static and axially symmetric only.”
15For partial results in this direction, see e.g. [42].
16Remarkably, as shown in the recent work [43], such BHs
exist already in the vacuum case.
17Again, this geometric feature can be viewed as an imprint of
symmetry noninheritance of the matter fields.
18Following Ref. [46], one can approach this problem pertur-
batively, the perturbative parameter being the magnitude of the
electrostatic potential at infinity. In the absence of an exact
solution in the probe limit, this reduces to solving numerically a
set of ordinary differential equations with suitable boundary
conditions. A nonperturbative approach appears also possible,
requiring an adjustment of the scheme described in Sec. II.
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APPENDIX A: THE PROBE LIMIT
In this Appendix we consider static solutions for several
different models in a SAdS background given by
ds2 ¼ dr¯
2
Nðr¯Þ þ r¯
2ðdθ2 þ sin2θdφ2Þ − Nðr¯Þdt2; ðA1Þ
where
Nðr¯Þ ¼

1 −
rH
r¯

1þ r¯
2
L2
þ rHðrH þ r¯Þ
L2

: ðA2Þ
This geometry possesses a (nonextremal) event horizon at
r¯ ¼ rH > 0, the BH mass being M ¼ rH2 ð1þ
r2H
L2Þ.
The energy density of a given field configuration, ρ, as
measured by a static observer with 4-velocity Uμ ∝ δμt , is
ρ ¼ −Ttt. The corresponding total mass energy of the
solutions is
M ¼ −
Z
d3x
ﬃﬃﬃﬃﬃﬃ
−g
p
Ttt ¼ −2π
Z
∞
rH
dr¯
Z
π
0
dθ sin θr¯2Ttt:
ðA3Þ
We solve the matter field equations in the region
outside the event horizon only, r¯ ≥ rH. In our numerical
approach for both scalar and Yang-Mills fields, a new radial
coordinate is introduced, r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r¯2 − r2H
p
, with 0 ≤ r < ∞,
such that the horizon is located at r ¼ 0. This leads to a
simple near horizon expression of the matter fields and,
subsequently, to a simple set of boundary conditions there,
which are Neumann or Dirichlet only.
1. The scalar field in a SAdS background
The matter Lagrangian and the scalar field ansatz are
given in Sec. III A, by the relations (3.1) and (3.4),
respectively, with Φ ¼ Zðr; θÞeinφ and n ¼ 1; 2;…. The
scalar amplitude Z satisfies the following boundary con-
ditions:
∂rZjr¼0 ¼ 0; Zjr¼∞ ¼ 0; Zjθ¼0;π ¼ 0: ðA4Þ
The results of the numerical integration of the nonlinear
KG equation (3.2) are shown in Fig. 9. (All results in this
subsection have the parameters in the scalar potential
μ ¼ 0, λ ¼ 10.) Here we exhibit the total mass vs the
horizon size as given by the parameter rH, for several
values of the winding number n. One can notice the
existence of two branches of solutions, which form a cusp
for some critical rH, whose value increases with n. The first
branch of solutions emerges from the solitonic configura-
tions (which have rH ¼ 0, i.e. an AdS background). The
total mass energy of the second branch of solutions appears
to diverge as rH → 0. A typical solution is shown in
Fig. 10, where we display both the scalar amplitude Z
and the energy density.
2. The YM fields in a SAdS background
The YM model has been introduced in Sec. III B; see the
relations (3.7)–(3.11). The corresponding axially symmet-
ric ansatz is more complicated as compared to the scalar
field case, and we shall briefly discuss it here. Following
the work [8], we choose a gauge potential A containing four
gauge field functions Hi which depend on r and θ only;
however, it depends also on the azimuthal coordinate φ,
with
Aμdxμ ¼

H1
r
drþ ð1 −H2Þdθ

uðnÞφ
2
− n sin θ

H3
uðnÞr
2
þ ð1 −H4Þ
uðnÞθ
2

dφ: ðA5Þ
uðnÞa are SU(2) matrices which factorize the dependence on
the azimuthal coordinate φ, with
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FIG. 9. The mass (divided by the winding number n) of the
static axially symmetric scalar bound states in a Schwarzschild-
AdS background is shown as a function of the event horizon
radius.
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uðnÞr ¼ sin θðcos nφτx þ sin nφτyÞ þ cos θτz;
uðnÞθ ¼ cos θðcos nφτx þ sin nφτyÞ − sin θτz;
uðnÞφ ¼ − sin nφτx þ cos nφτy; ðA6Þ
where τx, τy, τz are the Pauli matrices. The positive integer
n represents the azimuthal winding number of the solu-
tions. This ansatz is axially symmetric in the sense that a
rotation around the symmetry axis can be compensated by a
gauge rotation, ∂φAμ ¼ DμΨ¯ [47–49], with Ψ¯ being a Lie-
algebra valued gauge function19 andDμ the gauge covariant
derivative. The corresponding expression of the field
strength tensor can be found e.g. in Ref. [23]. (Note that
Fμν also depends on φ.)
As usual, in order to fix the residual Uð1Þ gauge
invariance of the ansatz (A5), we impose the gauge fixing
condition r∂rH1 − ∂θH2 ¼ 0 [8].
The magnetic potentials Hiðr; θÞ satisfy a suitable set of
boundary conditions at the horizon, at infinity and on the
symmetry axis imposed by finite energy, regularity and
symmetry requirements. At the horizon (r ¼ 0) we impose
H1jr¼0 ¼ ∂rH2jr¼0 ¼ ∂rH3jr¼0 ¼ ∂rH4jr¼0 ¼ 0; ðA7Þ
while the boundary conditions on the symmetry axis are
H1jθ¼0;π ¼ H3jθ¼0;π ¼ 0; ∂θH2jθ¼0;π ¼ ∂θH4jθ¼0;π ¼ 0:
ðA8Þ
At infinity, the gauge potentials are required to satisfy a set
of boundary conditions originally proposed in [23]. The
data there contain a new positive integer, m, which is
interpreted as a polar winding number solution. Namely, for
odd values of m, one imposes
H1jr¼∞ ¼ 0; H2jr¼∞ ¼ 1 −mþ w0;
H3jr¼∞ ¼
cos θ
sin θ
ðcosððm − 1ÞθÞ − 1Þ þ w0 sinððm − 1ÞθÞ;
H4jr¼∞ ¼ −
cos θ
sin θ
sinððm − 1ÞθÞ þ w0 cosððm − 1ÞθÞ;
ðA9Þ
while for even values of m one imposes instead
H1jr¼∞ ¼ 0; H2jr¼∞ ¼ 1 −m − w0;
H3jr¼∞ ¼ w0
cosððm − 1ÞθÞ − cos θ
sin θ
;
H4jr¼∞ ¼ 1 − w0 − w0
sinððm − 1ÞθÞ
sin θ
: ðA10Þ
The parameter w0 which enters the above relations in an
arbitrary constant which fixes the magnetic charge of the
solutions [23]. One finds
QM ¼ nj1 − w20j for odd m; and
QM ¼
mn
2
jw0ð1 − w0Þj for even m: ðA11Þ
Reference [23] has given an extensive discussion of the
YM solutions in a fixed AdS background, within this
general framework. As expected, all those solutions can be
generalized by replacing the regular origin with a BH
horizon. First, we have solved the YM equations for a large
set of ðm; nÞ integers and several (fixed) values of the
constant w0 in (A9)–(A10). Some results in this case are
shown in Fig. 11, where we exhibit the total mass of the
solutions as functions of the size of the BH as given by the
horizon radius rH. One can notice the existence of two
branches of solutions. The lower branch starts with the
solution in a fixed AdS background and merges for a
critical rH with a secondary branch. This secondary branch
extends backward in rH, the mass increasing with decreas-
ing the horizon radius. Also, we have found that the
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FIG. 10. The profile of the scalar field amplitude Z and the Ttt component of the energy-momentum tensor are shown for an n ¼ 2
solution of the nonlinear Klein-Gordon equation in a Schwarzschild-AdS background (A1) with rH ¼ 0.23, L ¼ 1. The axes here are
ρ ¼ r¯ sin θ, z ¼ r¯ cos θ.
19For the ansatz (A5), Ψ¯ ¼ n cos θuðnÞr =2 − n sin θuðnÞθ =2.
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maximal value of the horizon radius increases with
decreasing jw0j.
We have also studied, for given sets of ðm; nÞ, solutions
in a SAdS background with fixed horizon radius and a
varying w0 in the asymptotic boundary conditions (A9)–
(A10) (i.e. the magnetic charge). A general feature here is
that solutions exist for a limited range of w0 only, and
possess a rather complicated branch structure. Thus, for a
given horizon size, one cannot find YM configurations with
an arbitrarily large (non-Abelian) magnetic charge.
3. Maxwell field multipoles in SAdS background
The Lagrangian for a Maxwell field reads
Lm ¼ −
1
4
FμνFμν; ðA12Þ
where Fμν ¼ ∂μAν − ∂νAμ is the Uð1Þ field strength. The
four-potential Aμ satisfies the Maxwell equations
∇μFμν ¼ 0; ðA13Þ
with a line element given by (A1). (Note that in order to
simplify the relations we take r¯ → r in what follows.) The
corresponding energy-momentum tensor is
Tμν ¼ FμαFνβgαβ −
1
4
gμνF2: ðA14Þ
Following [46], we consider first a purely electric Uð1Þ
potential A which possesses axial symmetry only
Aμdxμ ¼ Vðr; θÞdt ¼ RlðrÞPlðcos θÞdt; ðA15Þ
where Pl is a Legendre polynomial of degree l,
with l ¼ 0; 1;….
From (A13) it follows that the radial function RlðrÞ is a
solution of the equation
d
dr

r2
dRlðrÞ
dr

¼ lðlþ 1Þ
NðrÞ Rl; ðA16Þ
with NðrÞ given by (A2). Unfortunately, this equation
cannot be solved in closed form20 for a SAdS background,
except for l ¼ 0, with R0 ¼ c0 − c1=r. However, (A16)
can easily be solved numerically for any l ≥ 1; one can
also construct an approximate solution at the limits of the
r-interval. The radial function vanishes on the horizon; the
solution there can be written as a power series in ðr − rHÞ,
the first terms being
RlðrÞ ¼ r1ðr− rHÞ
þ r1ððl− 1Þðlþ 2Þ−
6r2H
L2 Þ
2rHð1þ 3r
2
H
L2 Þ
ðr− rHÞ2 þOðr− rHÞ3;
ðA17Þ
where r1 is a parameter which results from the numerics.
21
As r → ∞, the solution reads
RlðrÞ ¼ 1 − cðlÞ1
L
r
þ 1
2
lðlþ 1ÞL
2
r2
þ    ; ðA18Þ
where we normalized it such that RlðrÞ → 1 asymptoti-
cally. For rH ¼ 0, one finds cðlÞ1 ¼ 2Γð
1þl
2
ÞΓð3þl
2
Þ
Γð1þl
2
ÞΓðl
2
Þ ; in a BH
background, its value is found numerically.
In Fig. 12 (left) we exhibit the radial function Rl for a
SAdS background with a fixed horizon radius rH ¼ 1 and
l ¼ 1, 2, 3. The dependence of the total mass energy of the
l ¼ 1, 2, 3 solutions as a function of the event horizon
radius is shown in Fig. 12 (right). Note that in both plots we
take an AdS length scale L ¼ 1.
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FIG. 11. The mass energyM is shown as a function of the horizon radius rH for different sets of YM solutions in a Schwarzschild-AdS
background.
20For rH ¼ 0, the solution of (A16) reads [46] RlðrÞ ¼
Γð1þl
2
ÞΓð3þl
2
Þﬃﬃ
π
p
Γð3
2
þlÞ
rl
Ll 2F1ð1þl2 ; l2 ; 32 þ l;− r
2
L2Þ.
21Note that for rH ¼ 0, one finds RlðrÞ → Γð
1þl
2
ÞΓð3þl
2
Þﬃﬃ
π
p
Γð1þl
2
Þ ðrLÞl, as
r → 0 [46].
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Finally, let us mention that given the electric-magnetic
duality, for any electric configuration (A15), one can
construct directly the dual magnetic solution. This has
(with l > 1)
A ¼ Φðr; θÞdφ; with Φlðr; θÞ ¼ PlðrÞUlðθÞ; ðA19Þ
where
PlðrÞ ¼ r2
dRlðrÞ
dr
; UlðθÞ ¼ sin θ
d
dθ
Plðcos θÞ:
ðA20Þ
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